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Abstract

Based on 七he Comparison w五七h exper土men七al data a

critical review is made in Part = on empirical cross-
■

section formulas for electron-impact ionization of atomic

ions. Most extensively studied are the formulas proposed

by Lotz and by Golden and Sampson. Several conclusions

are drawn about the validity of those formulas. A new

type of scaling factor is proposed to improve the formula

of Golden and Sampson. Part == presents a compilation of

experimental data on electron-impact ionization of atomic

ions with Z (atomic number) < 19. A11 the experimental

data available are shown in a graphical form with the

results of the empirical formulas of Lotz and of Golden
●

and Sampson. Experimental data were surveyed through the

end of 1980 and the data on multiple ionization have been

om主上セed.
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I. Critical Review of Empirical Formulas

1. 工n七roduc七土on

Electron-impact ioni2;ation of atomic (positive) ions is

a fundamental elementary process in laboratory and space

plasmas･l) =t determines the ionization stage of the plasmas

and thereby affects their macroscopIC Properties such as
■

electrical conductivity and radiative energy loss. Although

a rather extensive effor七 has been made to produce 七be

土on土za七土on cross sec七土ons,the total number of the data

presently available is still limited. 工f we consider 七he

number of different ionic species, it is virtually impossible

七o calculate or measure the cross section for all of them.

●

Empirical formulas for the ionization cross section have been

proposed 七o alleviate this difficulty.

=

Emplr土cal formulas,土f suff土c土en七1y reliable. are very

useful even when experimental or theoretical cross sections

are available･ =n.a modelling calculation of plasmasr for

土nstance′ 土七 土s much eas土er七o handle emplr土cal formulas 七han
●

original data themselves. Empirical formulas can be used for

an interpolation or extrapolatlon of available data over a

range of electron energy.

various empirical formulas2-ll) for the ionization cross

sec七土on have been adopted by plasma phys土c土s七s and as七ro-

pbysic土s七s 土n七he土r s七ud土es. ェn many cases, however, they

use them with no attention to their validity. They often

employ empirical formulas simply bacause the formulas are
●

very convenien上 土o be incorporated土n their studies. エn 七he
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present report a critical evaluation is made on the

empirical formulas widely used for the electron-impact
■

ionipzation of ions｡ The validity of the formulas is judged

on the comparison with experimental data. Such a comparative

･study has been made several times.12-15) The present one

is much more extensive than others: the comparison is made

(i) for all the ionic species with Z 三19 for which

experimental data are available, and (ii) over a wide range

■

of electron energies.

Here we should make clear the stand poエnts on wbich七be

presen七evalua七土on of emplrical formulas 土s made;
■

(i) For the present comparative study, experimental data

obtained by beam methods are taken as a standard. No

evalua七土on of 七he experimental data is aモモemp七ed here. (エセ

is under planning separately.)

(2) We deal with only the direct ioni2:ation. When a

contribution of autoionization is expected to be large, the

contribution should be estimated separately. =n such a case..

therefore. a care has 七o be 七aken when a compar土son 土s made

w土七b experimental data.

(3) No theoretical results are referred here, though some

fairly reliable methods of calculation have been developed

recently. Those calculations have been done so far only

for a few specific ions.
16)

(4) The present comparative sttldll is restricted to the ions

with a(atomic number) 5. 19 and N(number of bound electrons)

i 18. For the ions with larger a, experimental data are
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sparse and only for singly ionize.a ions. For those species,

somewhat more sophisticated formulas may be necessary due

to the large number of electrons.

(5) Empirical formulas for an ionization rate are not

concerned here. Once a 1･eliable formula is established for

ionization cross section, it is easy to calculate there from

the corresponding rate.

The outline of the present report is as follows. The

definition of empirical formula is made in S'2. Then three

empirical formulas (two by Lotz and one by Golden and

Sampson) are taken to be reviewed. After an introduction

of the formulas ( § 3) , they are compared with experimental

data ( §4). Conclus土ons about the compara七土ve study are

given in § 5. The validity of several other empirical

formulas is discussed 土n the Appendix.

工n part 工ェ of 七he present report. all七he exper土men七al

data available for the ions with Z i 19 are presented in a

graphical form. Those data are taken from the Atomic and

Molecular Data Retrival and Display System (且岨RDS) at the

Research Information center, Institute of Plasma Physics,

Nagoya. An extensive data compilation is under way there

on electron-ion collision cross sections and other atomic

processes. ℡he compiled data are stored in a computer to

form a computerized data base. The cross sections produced

by the empirical formulas reviewed in Part = are･also plotted
=

on the graphs. Actua11y the comparative study is based on

those graphs.
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For convenience, a nomenclature of the symbols used

in the report is summarized in Table i. Cross sections and
r

.
. .

..
..

_ 2
energies are expressed in the units of cm and eV, respectively.

●

2. Def土n土七ion of emp土r土cal formula

Here 昂n empirical formula is defined to be an analytical
●

formula whose parameters are emplrlcally
●

related 七o physical

propertie･s so as to produce cross sections for any ionic

●

species at any electron energies.

=t should be noticed that there are two other kinds of

analytical formulas of cro畠s sec七土ons.

(i) an approximate formula of cross section
●

工t 土s derived in an approx土mate七beory of cross section

calcula七土on. ℡be parameters are de七erm土ned ab 土n土t土o 土n 七be

theory. One example 土s 七he Be七he formula. ℡h土s 七ype of

formu1･.I is applicable only within the range of the validity

of 七he theory.

(ii) a formula analytically fitted to experimental data or

七heore七土cal results

Parameters in this formula are determined by the fitting

procedure. This formula is, in principle, equivalent to

the data originally chosen for the fit. This cannot be used

to predict cross sections for other species than those which

the orlglnal data are concerned with.
■ ●

■

Though often called empirical formulas too, these two

kinds of formulas are distinguished here from the empirical

formula-defined above. An approximate formula, however,
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becomes an emplr土cal formula when applied 七○ 七he case out
コ

of the validity range of the approximate theory. =n such

a case, some modification is ofen made in the formula.

■

Sometimes an empirical formula is derived after an analytical

fitting is made to a number of species and thereby an

emplrlcal relation ls es七abl土shed be七ween 七he parameters
=

and physical properties of 七he 土ons.

■
-

3. The formulas proposed by I.otz and by Golden and Sampson

Lotz516) proposed two empirical formulas for an

ionization cross section of atomic ions.･ one for ions with

q(ionic charge) < 3 and the other for q > 3. Those formulas

have been used very widely by plasma physicists and･

astrophysicists. Recently Golden and SampsonlO′11) have

provided another formula for the calcu1主tion of ionization

cross section. wh土ch 土s based on the Coulomb-Born (with

exchange) results for hydrogenic ions. This formula can be

expected becoming more accurate with increasing net charge

of ions. Thus that would be useful for highly charged ions

which are of primary interest in the recent studies of
>

fusion and interstellar hot plasmas.i)

=n the following the definitions of the above three

formulas are given With some remarks. The notation is
●

● ●

somewhat different from the orlglnal one, but each formula

is expressed in a unified manner (see, for the notation,

でable 1). Several other empirical formulas are discussed

in 七be Appendix.
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I

(1) Lotz (I)

Qj-aj真空L{l-bjeXP[
1(xj

-

i,･ }

r

X.

コ コ

(3.1)

Lotz
5,6)

determined first the X･ dependence at X] -の
コ

so as to coincide with the Bethe asyTnPtOte Of the ionization

cross section. Then he modified the form in the region of

small X.

コ

b〕･ cj)･

data then

by introducing three adjustable parameters (aj ･

After fitting the resulting formula to experimental

available, he gave in his papers6,17) the numerical

values of the parameters for (He -

Ga)+, (Li -

zn)++ and

(Be -

Ga)3+. The parameters depend not only on the subshell,

● ●

コ, Of the eコeCted electron bu七 also on the ionic species

(i.e. atomic number of the 土on).

A few remarks would be necessary here. ℡he parameter

fitting was'done over a finite range of electron energy.

The values so determined do no七necessarily glVe the correct
●

high-energy limit in magnitude. The formula cannot be

appl土ed 七o any o七ber ions 七han listed above. unless the

de七erm土na七ion of parame七ers 土s extended in some way.

(2) Lot2: (==)

lQj=2 .4
x

i.-16(ど_)2
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Vhen we denote by

Q;
an ionization cross section of a

hydrogen-like ion with its electron in the subshell j,

z4Q;
has a finite value at Z -00･ Lotz6) found that･ when

Q冒
is calculated in the Coulomb-Born (with exchange)

approximation,18) 【z4Q≡s]z→∞

can be fitted by an analytical

function of XIs in the following way in the range of XIs= i-10

(see Fig. i):

=2.4 Ⅹ10-16【z4Q≡s]zー∞

knXIs

Ⅹ1s
(3.3)

Taking into account the difference in an ionization energy

and the number of elec七rons 土n a subshell, he proposed

the formula (3.2) for an ionization cross section of aゎy

ions. flis original proposal was restricted to the case which

cannot be deal七w土tb by the previous formula (3.1). Because

of its simplicity, however, the formula (3.2) is used more

widely.

flinnov-s formula7) is exactly the same as (3.2).

postTs3) is also the same as (3.2) but with a little different

numerical factor (i.9 x 10-16 instead of 2.4 x 10-16). post

obtained his result from very limited number of experimental

and theoretical cross sec七土ons available as of 1961.

=t should be noted that, as in the case of Lotz (I),

the formula (3.2) does not give a correct asymptotic value

a･t x] -∞･ The Bethe asymptote for a hydrogen-like

ion with ls-electron gives19)
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p[z4Q;s.z→｡一三主至ごo.99732
Ⅹ 10-16

(3)● Golden and Sampson

Q] -S]ち【0･880
Ⅹ 10~16 ㌔(A･Anx]･Di(l一計)2コ

コ
コ

c. d.

･(*･コ

n.

s･-(i&)4
コ

コ

with

コ

x?コ

)
(LI古))],コ

･競,2(ギ,I
n.

コ

-(･阜'2コ

---------GS2

----ーーーー--GS3

Golden and SampsonlO･11) use七he rela七土on

【z4Q]]zー00
6i【z4Q;]z→∞･

where

Q;

(3.4)

(3.5)

(3.6)

iコ

is the ionization cross section of a hydrogenic

ion with its electron in the subshell j. For an ion with

finite Z, they adopt also the cross section on the right

side of eq. (3.6) but with some mod土f土cat土on. Ac七ually

they first calculate [Z4n言4Q冒】zー00in
the Coulom-Born
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(with exchange) approximation･ They fit the result by an

analytical formula to find the expression in the square

brackets in (3･5). The parameters (A]･ D]･ cj･ d]) are

thus determined. ℡hen. to scale the formula to the non-

hydrogenic ions with finite Z･ they multiply [Z4n･~4

Q;]zー｡コ

by a factor S]･ Taking into account the relation

zワ

≡(T)2,
コ

(3.7)

they propose 七he two kinds of 七he fac七ors′ GSl and GS2. with

an王ffective nuclear charge, Zeff･ The third factor, GS3,

is proposed here for the first time by the present authors･

=t will be shown in the next section that GS3 is much

better than GSl or GS2, when compared with experimental data.

地e parameters (A〕′ D〕. cj, d〕) depend only on七be

subshell of the ejected
'electron. The numerical values have

been determined so far for j = 1s ～ 4f.10･11･20,21,22)
t

Among the parameters, A. is chosen in such a way that the
コ

correc七 Betbe asymp七○七e ほor 七he bydrogen土c●土on)土s reproduced

at x]→00･ The effective nuclear charge i弓also given

by Golden and Sampson.10′20･21･22)地主s quan七土七y depends on

the isoelectronic sequence, as well as on the subshel1.

4. Compar土son with experimental data

●

The three empirical formulas introduced in the previous

sec七土on are compared w土七h all the experimental data available
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for the ions with Z < 19. The graphs showing the comparison

are given in Part == of the preser)i report･
●

r

(i) Lotz (I)

To determine the parameters in this formula, use has

been made of the experimental data for =e+I Li+I N+I Ne+I
●

Na+ and K+. Those speciest thereforel Should be excluded

from the comparative study. As is mentioned in $3 (i), this

formula canno七be applied七o the 土ons w土tb q > 3.

A graphical comparison for all the ions other than

those excluded above shows 七ha七 tbe cross section calculated

with this formula is in quite good agreement (within about

20%) with the experimental data for most species. For Ar++,

the agreement is rather poor but not very bad (within about

40%). There are two exceptional cases (C3+, Mg+) for which

the formula gives very poor results. (For some species, an

apparent disagreement is found near threshold, but it may

be due to a ■con七aminatlon of 土ncldent 土on beams w土七h me七as七able

species. )

This satisfactory nature of the formula is attributed

to the following reasons･ The functional form of Xi is

properly chosen and flexible enough to reproduce the

sensitive cross section in the region near threshold. Based

on the detailed comparison with a fairly large number of

experimental da七a′ the parameters are adjusted deliberately

=

depending not only on the subshell of the ejected electron

but also on the ionic species. Moreover the way of the

variation of the pararLieterS is at least qualitatively
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reasonable, though Lotz said nothing about that explicitly.

With q increased and N fixed, fo･r instance, the parameter

a. increases and b. decreases. This accounts for the effect
コ コ

of tbe 土ncrease in the Coulomb attrac七土on between the inc土den七

electron and the 土on.

Fina11y we should mention several disadvantages of this

formula. First, the parameters in the formula were

コ

determined purely empirically, so that it is almost impossible

to improv.e them or to extend the applicability of the formula.

Second, this formula cannot give the correct asyTnPtOtic
●

value at X] → α
･ Third, the determination of the parameters

is solely based on 七he experimental data. ℡hus the

experimental error, if any, directly affects the values- of

the parameters. Moreover, if an autoionization contributes

to the experimental data Lotz used, the parameters thereby

determined do not represen七 those for direct 土on土zat土on.

工n other words.七b土s formula may土nclude′ at leas七partly′

the effec七 of au七oion土zat土on.

(2) Lotz (==)

●

A graphical comparison shows that this formula gives

ionization cross sections in agreement with the experimental

data within 20-40% of errorr except for C3+( Ne+I Na+I Mg+I

and Ar5+. As shown土n the graphsl this formula is be七ter′

on 七he whole, than 七hat of Golden and Sampson (GS3). ℡he

basic principle of der土va七ion is the same for both七he

formulas. The GS3 is even more elaborate than the Lotz(==).
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The former (GS3) takes into account the dependence on the

subshell of the ejected electron in a more detailed manner
■

r

than the latter. That is, the numerical coefficients in

GS3 depend on七he subshell j. ℡he functional form of ､GS3

●

is more realistic than that of Lot2: (==). =n the case of

Lot2; (==) , therefore, these defects seem to be cancelled

by the error inherent in the model of hydrogenic ion.

Two disadvantages should be mentioned here about this

formula. First, due to the simple functional form of

Ⅹj, this formula often cannot reproduce detailed structure

of the cross section (e.g., that near threshold) , though it

gives a fairly good overall feature. Second, this formula

is not assured to become coi･reCt With increasing z/N, as

the GS formula does.

(3) Golden and Sampson

An extensive comparison shows that the scaling factor,

GS3, is be上土er 七han GSl or GS2 in mos七cases. Some examples

are shown in Figs. 2
-

5. There are two exceptional cases.

For many of singly charged ions, none of the factors can

give a Satisfactory result. =n such cases, the experimental

dependence on Xj is much different from the formula･ (Mg++

1s 土ncluded in 七h土s class.) 工七is ev土den上 土ha七 the

experimental cross sections for lithium-1ike土ons (C3+∫

N4+, o5+) have an autoionization contribution. =f we

subtract the contribution, the resulting values are more

likely七o be fit by GSl七han GS3. Aside from七hese 七wo

-12-



=

exceptional cases, the GS3 glVeS ionization cross sections

in agreement with the experimetal data within about 20 %

for most species and wi七bin about 40 竜 王or some poor cases

(N3+I o4+, Ar5+) ･ The numerical values of the parameters in

the formula have been revised several times to improve 七be

formula. The most recent ones are used to produce the

cross sections shown in the present report.

The advantages of this formula are:

(i) The way of derivation of the formula is quite clear,

so tha七it is relatively easy七○ 土mprove 七ha七 or 七o extend

土七s appl土cab土1土七y. An effect of au七oloniza七土on. for example.

is not included in this formula. The effect, if necessary,

can be simply added 七o the result of this formula.

(ii) =n principle, this formula converges to the correct

one as the ratio Z/N increases. (This tendency is not

clearly shown. however.阜n七he presen七comparison, probably

because the value of Z/N is at most 3.5 here.)

(土ii)工n particular the parameters 土n七he fomula GS3 are

■

dependen七 only on the subshell of the eコeCted electron.

This simplifies very much the cross section calculation.

From the graphs it is shown that the formula GS3

systematically provides smaller cross sections at higher
■

energies than the experimental ones. This may be related

to the fact that the formula is forcedtogo to the Bethe

asyTnPtOte Of hydrogenic ions, not of real ones, at X･ -I)CO ･

コ
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5. Conelus土on-s

First of all, we propose a new type of scaling fae七or,
f'

GS3. for the formulaL Of Golden and S=amp白OnJ. Thi畠 fac-tot has

been found better than the two factors, GSl and GS3, proposed
1

■ ■

orlglnall,y by Golden and Sampson.

From the detailed comparisons of Lotz (I) , Lot2: (==),

and GS3, the following conclusions are reached.

(i) For the cases of q
= i - 3, the formula of Lot2: (I)

土s 七he best.

(2) An overalコ feature of 七he cross section. especially

for the case with q
> 1, is reasonably well glVen by

■

Lotz (==).

(3) The formula GS3 is not better than Lotz l=) or Lot2;(Z=),

but usable for q
> 1. This formula should give, in

●

principle, more accurate results for ions with larger Z/N.

(4) =n the case where a significant contribution of

autoionization is expected, the contribution should be

estimated separately and added to the direct-ioni2:ation

cross section obtained by Lot2i (==) or GS3. エt is

rather unclear whether the cross section glVen by Lot2i
●

(I) includes no contribution of autoionization.

When any of those empirical formulas is usedt one

●

should take into account the cautions mentioned in the

previous sections.

■
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Appendix= Other empirical fomulas
●

℡hereL are many Other empirical formulas2,3,4′7,8,9)

proposed for ionization cross sections. comparative studies

have also been made for them. A,q a conclusion, we have

found no better formulas than those proposed by Lotz or

Golden and Sampson. Furthermore, all those formulas have

problems either in the丘erivation or in its applicability.

1Two of them are shown below as an example.

(a) Drawin2)

≡ 2.,4 Ⅹ

i.-16(ど)2
X.- i
コ
Ⅹ.

コ

川(1･25bX]), (A･1)

I

where b -

2(q+1)/(q+2)･地e value of七be parameter ∈j阜s

given by Drawin23) for He, Li, c, N, 0, Ne, Na, Mg, Al, Si,

Ar, K. Drawin considers the ionization only from the

outermost subshell. To take account of the contribution

of inner shells, he modifies the number of the electrons.

The derivation of (A.1) is essentially the same as that of

Lotz (I) , i.e., based purely empirically on experimetal data.

The rule of the determination of the parameter is unclear,
■l●

so 七bat this formula can be applied only to七he ions listed

above.

(b) Sea七on4)

Qj-1･9Ⅹ1O~16(告}2Ej(i-*･コ

(A.2)

This has been obtained so as to fit the experimental data
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for Xj 三2･ Many astrophysicists employ this formula in

their, studiesr but its application should be limited in

●

the threshold energy region.
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TabLle- i. Nomenclature of七he symbols

Qj

Q

Q;

Eo

工.

コ

X.

コ

zH

∈j

n.

コ

Z

N

q

partial ionization Cross Section (in cm2) from

七be subsheユ1 j

=

3Mj
Ionization cross section (cm2) of a hydrogenic ion

●

with its electron in the subshell i

Energy (in eV) of･ the incident electron

Ionization energy (eV) for the subshell j (For a

hydrogenic ion,

I;
is used･)

≡

Eo/=]

=oni2;ation energy of atomic hydrogen (= 13.6 eV)

Number of equivalent electrons in the subshell j

Pr土nclpal quantum number of the subshell j
■

Atomic number

Number of bound electrons

Ionic charge (=Z - N)

-r9-



Fig. i.

Fig. 2-5.

Redu(コed cross section for a hydrogenic ion with

土七s electron in ls state. Circles are 七he

values calculated for Z = CO

with the use of

the Coulomb-Born-Exchange approximation. The

solid line ind土ca七es 七he relation

xlsZ4Q;s
- 2･4 x 10-16 ln XIs ･

Comparisons of the Golden-Sampson formula with

three scaling factors, solid line for GS3,･

short-dashed line for GS2,･ long-dashed line

for GSl.
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==. Graphs of Experimental Data With the Results of

Emplrical Formulas
●

i. =ndex to graphs

Fig.no･

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

Processes

He+ +e

Li+ +可e

B3+ +e

c+ +e

c2+ +e

c3+ +e

c4+ +e

N+ +e

N2+
+e

N3+ +e

N4+ +e

N5+ +e

o+ +e

o2+ 十e

o3十 +e

o4+ +e

o5+ +e

Ne+ +e

Na+ +e

Mg+ +e

Mg2+ +e

Ar+ +e

Ar2+ + e

→ He2+ +2e

-→ Li2+ + 2e

→B4+ +2e

→c2+ +2e

→c3+ +2e

→c4+ +2e

→c5+ +2e

I) N2+ +2e

) N3+ +2e

→N4+ +2e

→N5+ +2e

･) N6+ +2e

→o2+ +2e

→o3+ +2e

→o4十 +2e

-⇒o5+
+2e

-→o6+
+2e

→Ne2++2e

→ Na2++2e

- Mg2++2e

-叫3++2e

→ Ar2++2e

-→ Ar3+ + 2e

- 2-7-

References

l′ 19

7, 10, 13′ 19

35

21

30

32, 33

35

4

21

35

32. 33

35

21, 34

20

35

35

33

3. 34

8, 12

11

18

29. 34

34



24.

25.

I

26.

27.

Ar3++e
-→ Ar4++2e

Ar4++e →Ar5++2e
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2. Graphs (Experimental data with the results of the

empirical fわrmulas)

A11 the symbols denote the experimental data obtained by

beam method.

■

The results of the empirical formulas are indicated by

for q f 3, Lot2:(I) and for q
> 3, Lotz (==)

Lotz (=Z)

GS3
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